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Primordial Lepton Family Asymmetries in Seesaw Model
Tomohiro Endohi, Takuya Morozumiii, and Zhaohua Xiongiii
Graduate School of Science, Hiroshima University,
Higashi Hiroshima 739-8526, Japan
In leptogenesis scenario, the decays of heavy Majorana neutrinos generate lepton family
asymmetries, Ye, Yµ and Yτ . They are sensitive to CP violating phases in seesaw models. The
time evolution of the lepton family asymmetries are derived by solving Boltzmann equations.
By taking a minimal seesaw model, we show how each family asymmetry varies with a CP
violating phase. For instance, we find the case that the lepton asymmetry is dominated by
Yµ or Yτ depending on the choice of the CP violating phase. We also find the case that the
signs of lepton family asymmetries Yµ and Yτ are opposite each other. Their absolute values
can be larger than the total lepton asymmetry and the baryon asymmetry may result from
the cancellation of the lepton family asymmetries.
§1. Introduction
From the recent astronomical observations, the precise values for cosmological
baryon to photon ratio (η = nBnγ ) are obtained,
η =(6.5±0.40.3)×10−10 1), (6.0±1.10.8)×10−10 2). (1.1)
Leptogenesis3) is a very attractive scenario for the matter and the anti-matter asym-
metry of our universe.4) Because the seesaw mechanism5) which underlies the sce-
nario is able to give a natural explanation for tiny neutrino masses, it is important
to study the scenario from both cosmological and particle physics point of views.
In the early literatures,6), 7) the lepton number production and the evolution in the
expanding universe were studied. In the last few years, much attention has been paid
to CP violation of seesaw models. The relation between CP violation of leptogenesis
and CP violation of neutrino oscillation was shown.8) Because there are many CP
violating phases in seesaw models, it is important to identify CP violating observ-
ables as much as possible. Such observables include the low energy CP asymmetry
of neutrino oscillations. In the present paper, we study the lepton family density
to entropy density ratios Ye, Yµ and Yτ in seesaw models. Hereafter, we call them
the lepton family asymmetries. We shall show that they are sensitive to the CP
violating phases. By studying the lepton family asymmetries, we can trace more
detailed history of the leptogenesis scenario.
So far, lack of our knowledge for the neutrino Yukawa couplings in seesaw models
has resulted in numerous speculations on their possible forms. Our result shows that
different forms may lead to different lepton family asymmetries. Thus, the lepton
family asymmetries are useful for constraining the forms of the Yukawa couplings.
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In this paper, we give a detailed calculation for the lepton family asymmetries
by solving the Boltzmann equations. In the Boltzmann equations of the previous
works,6) 7) it is implicitly assumed that the chemical potentials are the same for
all the three lepton doublets and the effects of the chemical potentials of the other
particles are neglected. Contrastingly, we shall consider all the chemical potentials
for the standard model (SM) particles.9) We do not assume that the three lepton
doublets have the same chemical potential a priori. We assign the independent
chemical potentials for each generation of lepton doublets.10) In this way, we can
treat the evolution of the lepton family asymmetries in the Boltzmann equation.
For numerical analysis, we extend the previous study11) on the minimal seesaw
model. In the model, there are three CP violating phases. Considering the lep-
ton family asymmetries, we find that they are sensitive to one of the CP violating
phases which is different from the one related to the total lepton asymmetry YL.
For instance, we find the case that the signs of the lepton family asymmetries Yµ
and Yτ are opposite each other and the tiny lepton asymmetry YL results from the
cancellation among the much larger family asymmetries.
The paper is organized as follows. In Sec. 2, the Yukawa sector for seesaw models
is given and the minimal seesaw model is introduced. In Sec. 3, The Boltzmann
equations for the lepton family asymmetries are derived. Sphaleron process and the
other equilibrium processes are discussed and the relations among chemical potentials
are studied. Using the minimal seesaw model and the relations of the chemical
potentials, we solve the Boltzmann equations and present the numerical results in
Sec. 4. Finally, in Sec. 5, we give our conclusions. The derivations of various cross
sections used in our calculation are shown in Appendices.
§2. Model
We first discuss the leptonic sector of seesaw model. The Yukawa terms and the
mass terms for seesaw model are given by,
Lm = −yikν LiNRk φ˜− yilLilRiφ−
1
2
NR
c
MNRNR + h.c., (2.1)
where i = 1, 2, 3 and k = 1, 2, · · ·N . Li are SU(2) lepton doublet fields, NRk are
the heavy Majorana right-handed neutrinos and lRi are the right-handed charged
leptons. MNR is N×N Majorana mass matrix of the right-handed neutrinos and is
a diagonal matrix, i.e., MNR = diag.(M1,M2, · · · ,MN ). yl are the Yukawa terms
for charged leptons. We can take the basis in which both MN and yl are real and
diagonal without loss of generality. In this basis, flavor violating processes occur
through off-diagonal elements of the 3×N Yukawa matrix yν. In the broken phase,
Higgs field has the vacuum expectation value v = 246 [GeV], and Dirac mass term
is generated as mD =
v√
2
yν.
The minimal seesaw model which is compatible with the present neutrino os-
cillation data includes two heavy Majorana neutrinos. For numerical analysis, we
focus on the minimal model. We summarize the results in the previous work11)
which are relevant to this paper. There are 11 parameters in neutrino sectors in
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the model. They are two heavy Majorana masses, M1,M2 and 9 parameters in
mD. As input parameters, we choose a heavy Majorana mass M1, the ratio of the
two heavy Majorana masses, R = M1M2 , and their total decay widths Γ
k
D(k = 1, 2).
From neutrino oscillation experiments, two mass squared differences and two mixing
angles are obtained. Then 8 of 11 parameters can be determined. The remaining
three parameters are left undetermined. They are related to |Ue3|, CP violation of
neutrino oscillation and neutrinoless double beta decays, which will be measured in
the future experiments. The formulae which relates the input parameters with mD
are derived using the bi-unitary parameterization,11)
mD = ULmVR, (2.2)
where,
UL =

 0 0 00 cos θL23 sin θL23
0 − sin θL23 cos θL23



 cos θL13 0 sin θL13e−iδL0 0 0
− sin θL13eiδL 0 cos θL13


×

 cos θL12 sin θL12 0− sin θL12 cos θL12 0
0 0 0




1 0 0
0 e−i
γL
2 0
0 0 ei
γL
2

 , (2.3)
m =

 0 0m2 0
0 m3

 , VR =
(
cos θR sin θR
− sin θR cos θR
)(
e−i
γR
2 0
0 ei
γR
2
)
. (2.4)
m2 and m3 are real and positive and m2≤m3. Notice that there are three CP
violating phases δL, γL and γR.
The four parameters inm and VR can be written in terms of the heavy Majorana
masses Mk, their decay widths Γ
k
D and the light neutrino masses ni(i = 1, 2, 3),
cos 2γR =
n22 + n
2
3 − x21 − x22
2(x1x2 − n2n3) ,
(m22,m
2
3) =
√
M1M2(σ+ − ρ, σ+ + ρ),
(cos θR, sin θR) =
(√
σ− + ρ
2ρ
,−
√−σ− + ρ
2ρ
)
, (2.5)
where we define the auxiliary quantities as,
xk =
(m†DmD)kk
Mk
= 8piΓ kD
(
v
Mk
)2
,
σ± =
x2 ± x1R
2
√
R
,
ρ =
√
(x1x2 − n2n3) + σ2−. (2.6)
The above relations follow from the eigenvalue equation for the light neutrino mass
squared n2,
det(meffm
†
eff − n2) = 0,
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meff = −mDM−1NRmTD. (2.7)
We can easily see that one of the eigenvalues (n1) is zero. It was shown that MNS
matrix can be written as a product of matrices as follows,
UMNS = ULKR, (2.8)
where KR is given by,
KR =

 1 0 00 cos θ sin θe−iφ
0 − sin θeiφ cos θ



 1 0 00 eiα 0
0 0 e−iα

 . (2.9)
θ, φ and α in KR are functions of the parameters in m and VR which are already
determined by (2.5). Explicitly, KR is obtained from the diagonalization of meff as,
U †MNSmeffU
∗
MNS = −K†R
(
mVRM
−1
NR
V TRm
T
)
K∗R = diag.(0, n2, n3), (2.10)
To summarize this section, we are able to determine the part of MNS matrix, i.e.,
KR using the parameters M1, R, x1, x2, n2 and n3. At this stage, UL is still left
undetermined. How to constrain UL will be discussed in Section 4.
§3. Boltzmann equation
In this section, we shall give the derivation of the Boltzmann equations for
lepton family asymmetries. The primordial lepton numbers are generated by out-
of-equilibrium decays of the heavy Majorana neutrinos. The decay occurs at the
temperature higher than the electroweak phase transition temperature (TEW), be-
fore sphaleron process being frozen. While at extremely high temperature T ≥
Tsph ≃ 1012 [GeV], the sphaleron process is not so active and the lepton number
can not be converted into the baryon number. Then, the primordial leptogenesis
must occur at the temperature above TEW and below Tsph so that the baryogenesis
from leptogenesis works. Above TEW, the electroweak symmetry is recovered and
the Higgs vacuum is in the symmetric phase (v = 0). We focus on the Boltzmann
equations which are valid in the symmetric phase. In the phase, the lepton family
number violating processes involve the Yukawa coupling of the neutrinos yν. Using
the Boltzmann equation, we can trace the evolution of the lepton family number
asymmetries from the mass scales of heavy Majorana neutrinos down to TEW. In
order to trace the evolution into the lower temperature regime T ≤ TEW, the Boltz-
mann equations in the broken phase must be used. The derivation of the equations
in the broken phase is beyond the scope of the present paper.
We first show the Boltzmann equations for the heavy Majorana neutrino number
densities nk (k = 1, 2, · · ·N) and lepton family number densities nLi (i = 1, 2, 3),
dnk
dt
+ 3H(z)nk = Cnk ,
dnLi
dt
+ 3H(z)nLi = Cli , (3.1)
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where M1 is the mass of the lightest heavy Majorana neutrino and z =
M1
T . H(z) =
H(1)z−2 is the Hubble parameter with H(1) =
√
4pi3g∗
45
M21
mP
. mP denotes the Planck
mass scale and g∗ ≃ 106.75 counts the total number of light particles degrees of
freedom at TEW ≤ T ≤ Tsph. The right-hand side of the Boltzmann equations Cnk
and Cli are source terms and they denote the particle number changes per unit
spacetime volume. The source terms are obtained by computing the decays, the
inverse decays, and the scattering processes.
In deriving the Boltzmann equations, we use Maxwell-Boltzmann distributions
for light particles. Explicitly, the phase space density of a light particle X with
energy EX and chemical potential µX is given by,
fX = exp
[
−EX − µX
T
]
. (3.2)
The distribution is a good approximation in the absence of Bose condensation and
Fermi degeneracy. The signs of the chemical potentials for particle and anti-particle
are opposite each other. The up component in SU(2) doublets has the same chemi-
cal potential as that of the down component in the symmetric phase of electroweak
symmetry. For the heavy Majorana neutrino NRk , we assume that the distribution
is proportional to the equilibrium distribution. Under this assumption, the normal-
ization constant is given by the ratio of the non-equilibrium number density nk and
the equilibrium density neqk ,
fN (sz =
1
2
) = fN(sz = −1
2
) ≡ nk
neqk
e−EN/T , (3.3)
neqk = 2
∫
d3pN
(2pi)3
e−EN/T =
1
pi2
M3k
z
√
ak
K2(z
√
ak), (3.4)
where sz denotes the spin of the heavy Majorana neutrinos. ak = M
2
k/M
2
1 . K1 and
K2 are modified Bessel functions.
3.1. Calculation of Cnk and Cli
The processes contributing to the source terms can be divided into two parts.
One includes the decays and inverse decays of the heavy Majorana neutrinos, and the
other includes two-body scattering. The contribution from decay and inverse decays
are denoted as CD and the contribution from scattering processes are denoted as
CR. Then the total source terms are given by their sum, Cnk = C
D
nk
+ CRnk for the
heavy Majorana neutrinos densities and Cli = C
D
li
+CRli for the lepton family number
densities respectively.
Below, in the results of the two-body scattering a + b → c + d, we define the
reaction rate γ as,
γ =
M41
64pi4
1
z
∞∫
(ma+mb)2/M
2
1
dsˆσˆ(sˆ)
√
sˆK1(z
√
sˆ), (3.5)
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where σˆ(sˆ) is the reduced cross section and sˆ = (pa + pb)
2/M21 . The reduced cross
section σˆ(sˆ) is related to the usual cross section σ(sˆ) by σˆ(sˆ) = 8(pa+pb)2 [(pa · pb)
2 −
m2am
2
b ]σ(sˆ). All the reduced cross sections σˆ are collected in Appendix B.
NRk
l−i
φ+
(a)
NRk
l+j
φ−
φ+
l−i
NR
k′
(b)
NRk
φ−
l+j
NR
k′
l−i
φ+
(c)
NRk
φ+
l−j
NR
k′
l−i
φ+
(d)
Fig. 1. Feynman diagrams of the heavy Majorana neutrino decay: (a) Tree level diagram. One
loop diagrams: (b) vertex type and (c) (d) self-energy type diagrams.
Table I. The decays and inverse decays of
the heavy neutrinos contributing to lepton
and heavy Majorana neutrino number den-
sities.
Number change Processes
∆L = 1, ∆N = 1 NRk ↔ l
±
i φ
∓
NRk ↔ νiφ
0 γkiD
NRk ↔ νiφ
0∗
source term CDnk , C
D
li
Firstly, we calculate the source term
Cnk in (3
.1). The decays and the inverse
decays of the heavy Majorana neutri-
nos contribute to the source term. The
processes involved in the calculation are
listed in Table I. Using the Lagrangian
(2.1), the definitions in Appendix A,
and the phase space densities in (3.2)
and (3.3), we calculate the Feynman di-
agrams shown in Fig. 1(a) and obtain,
CDnk = −
∑
i
γkiD
(
nk
neqk
− cosh
µφ+ + µl−
iL
T
)
, (3.6)
where γkiD is related to the partial decay width Γki(NRk → l−i φ+),
γkiD = 4n
eq
k Γki
K1(z
√
ak)
K2(z
√
ak)
, Γki =
1
32pi
|(yν)ik|2Mk. (3.7)
l+i
NRk
φ+
t
b¯(a)
NRk
tb
l−i
φ+
(b)
Fig. 2. Processes contributing to both the
heavy Majorana neutrino densities and lep-
ton number asymmetries with Higgs ex-
changes via (a) s channel and (b) t channel.
Since the Yukawa coupling of top
quark is much larger than those of the
other SM particles, the heavy Majorana
neutrino creation and annihilation pro-
cesses in Fig. 2 give important contri-
butions to the heavy Majorana neutrino
number densities.6) The processes are
listed in Table II. Their contributions
to the source term Cnk are given by,
CRnk = C
(1)R
nk
+ C(2)Rnk , (3
.8)
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Table II. The processes with Higgs exchange contributing to the lepton family number densities
and heavy Majorana neutrino number densities.
Number change Processes via t channel Processes via s channel
∆L = 1, ∆N = 1 NRk tR ↔ l
−
i bL NRk l
+
i ↔ bLtR
NRkbL ↔ l
−
i tR bLtR ↔ NRk l
−
i
l+i bL ↔ NRk tR tLtR ↔ NRkνi
l+i tR ↔ NRkbL γ
ki
φ,t NRkνi ↔ tLtR γ
ki
φ,s
NRk tL ↔ tRνi
tRνi ↔ NRk tL
NRk tR ↔ tLνi
tLνi ↔ NRk tR
source term C
(1)R
nk , C
(1)R
li
C
(2)R
nk , C
(2)R
li
where C
(1)R
nk and C
(2)R
nk are,
C(1)Rnk = −
∑
i
γkiφ,t
[
nk
neqk
(
cosh
µtL
T
+ cosh
µtR
T
)
− cosh
µl−
iL
+ µtL
T
− cosh
µl−
iL
− µtR
T
]
, (3.9)
C(2)Rnk = −
∑
i
γkiφ,s
[
nk
neqk
− cosh
µφ+ + µl−
iL
T
]
. (3.10)
The reaction rates γkiφ,s and γ
ki
φ,t are related to the reduced cross sections σˆ
ki
φ,s and
σˆkiφ,t. Their explicit form are given in (B
.15) and (B.16). The corresponding processes
are shown in Fig. 2(a) and Fig. 2(b), respectively.
Next let us study the source terms for lepton family numbers, Cli in (3.1). The
decays and the inverse decays contribution to CDli is given by,
CDli =
∑
k
γkiD
[
εki
(
nk
neqk
+ cosh
µφ+ + µl−
iL
T
)
+ sinh
µφ− + µl+
iL
T
]
, (3.11)
where the lepton family CP asymmetry εki is defined as,
εki =
Γ (NRk → l−i φ+)− Γ (NRk → l+i φ−)
Γ (NRk → l−i φ+) + Γ (NRk → l+i φ−)
. (3.12)
The CP asymmetries are generated by the interference of the tree diagram and one-
loop diagrams shown in Fig. 1,
εki =
1
8pi
∑
k′ 6=k
[
I(xk′k)
Im[(y†νyν)kk′(yν)∗ik(yν)ik′ ]
|(yν)ik|2
+
1
1− xk′k
Im[(y†νyν)k′k(yν)∗ik(yν)ik′ ]
|(yν)ik|2
]
, (3.13)
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where xk′k =M
2
k′/M
2
k and
I(x) =
√
x
[
1 +
1
1− x + (1 + x) ln
x
1 + x
]
=
{ −32x−1/2 for x≫ 1,
−2x3/2 for x≪ 1. (3
.14)
The diagram Fig. 1(d) gives the contributions to the second terms of the lepton
family CP asymmetry (3.13). The diagram does not contribute to the total lepton
asymmetry while it does contribute to the lepton family CP asymmetries.
The contributions to the source term Cli from two particle scatterings can be
divided into four parts,
CRli =
4∑
χ=1
C
(χ)R
li
. (3.15)
The first two terms in (3.15) are obtained by calculating the diagrams in Fig. 2.
They are given as follows,
C
(1)R
li
[Fig. 2(b)] =
∑
k
γkiφ,t
[
nk
neqk
(
sinh
µtL
T
− sinh µtR
T
)
+sinh
µl+
iL
+ µtL
T
+ sinh
µl+
iL
− µtR
T
]
, (3.16)
C
(2)R
li
[Fig. 2(a)] =
∑
k
γkiφ,s
[
nk
neqk
sinh
µl+
iL
T
+ sinh
µtL − µtR
T
]
. (3.17)
The processes listed in Table III also contribute to the CRli . They are denoted by
C
(3)R
li
and C
(4)R
li
and are given by,
Table III. |∆L| = 2 and ∆L = 0 lepton family number changing scattering processes
Number change Processes via s (u) channel Process via t (u) channel
|∆L = 2|, ∆N = 0 l±i φ
∓ ↔ l∓j φ
± φ0∗φ0∗ ↔ νiνj
νjφ
0∗ ↔ νiφ
0 γ
ij
N,1 l
±
i l
±
j ↔ φ
±φ± γ
ij
N,2
νiφ
0∗ ↔ νjφ
0 φ0φ0 ↔ νiνj
νiφ
0∗ ↔ l−j φ
+ l−i νj ↔ φ
−φ0∗
l+j φ
− ↔ νiφ
0 γ
ij
N,3 liνj ↔ φ
+φ0 γ
ij
N,t1
l+i φ
− ↔ νjφ
0 l−j νi ↔ φ
−φ0∗
νjφ
0∗ ↔ l−i φ
+ l+j νi ↔ φ
+φ0
∆L = 0, ∆Li 6= 0 l
±
i φ
∓ ↔ l±j φ
∓ φ+φ− ↔ l±i l
∓
j
νjφ
0∗ ↔ l+i φ
− νiνj ↔ φ
0φ0∗
νiφ
0∗ ↔ νjφ
0∗ νjνi ↔ φ
0φ0∗
νjφ
0 ↔ l−i φ
+ γ
ij
N,s νil
+
j ↔ φ
+φ0∗ γ
ij
N,t2
νiφ
0∗ ↔ l−j φ
+ νil
−
j ↔ φ
0φ−
νjφ
0 ↔ νiφ
0 νj l
−
i ↔ φ
0φ−
l−j φ
+ ↔ νiφ
0 νjl
+
i ↔ φ
+φ0∗
source term C
(3)R
li
C
(4)R
li
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C
(3)R
li
= −
∑
j,k
|(yν)jk|2
(y†νyν)kk
γkiD
[
εki
(
cosh
µφ− + µl+
iL
T
+ cosh
µφ− + µl+
jL
T
)
+sinh
µφ− + µl+
iL
T
]
+
∑
j
(γijN,1 + γ
ij
N,3)
(
sinh
µφ− + µl+
iL
T
+ sinh
µφ− + µl+
jL
T
)
+2
∑
j
γijN,s
(
sinh
µφ− + µl+
iL
T
− sinh
µφ− + µl+
jL
T
)
, (3.18)
C
(4)R
li
=
∑
j
[(
1
2
γijN,2 + γ
ij
N,t1
)(
sinh
2µφ−
T
+ sinh
µl+
iL
+ µl+
jL
T
)
+2γijN,t2 sinh
µl+
iL
− µl+
jL
T
]
. (3.19)
The processes in Table III are classified into the total lepton number changing scat-
terings (|∆L| = 2) and the total lepton number conserving scatterings (∆L = 0).
l−i
φ+
NRk
l−j
φ+(a)
l−i
l−jφ
−
φ−
NRk
(b)
Fig. 3. The lepton family number violating
scatterings with NRk exchanges via (a) s
channel and (b) u channel.
In the former, the lepton family number
Li changes by one unit or by two units.
The latter corresponds to |∆Li| = 1.
The total lepton number conserving and
the lepton family number violating pro-
cesses must be taken into account when
we study each lepton family number
evolution. In Fig. 3, the typical
Feynman diagrams which correspond to
∆L = 0 ∆Li = −1 are shown. Their
reaction rates are included in γN,s and
γN,t2 of (3.18) and (3.19). Finally we also note that in (3.18), the term ε
k
i comes from
the on-shell contribution of s-channel heavy Majorana particle exchanged diagrams.
3.2. Sphaleron and chemical potential relations
In the previous subsection, we write the source terms with the reaction rates γ
and the chemical potentials µ. In this subsection, we derive the relation between the
lepton family asymmetries YLi and chemical potentials by considering the various
equilibrium conditions. We adapt the method developed by Harvey and Turner.
13)14)
At first, let us consider the effective action of sphaleron for all left-handed
fermions,
OB+L =
∏
i
(QiQiQiLi), (3.20)
where Qi, Li are quark and lepton doublets respectively. The sphaleron transition
rate at high temperature, in the symmetric phase, is estimated to be12)
Γsph ∼ 2×102α5WT, (3.21)
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where αW is weak coupling constant at Grand Unified scale and is taken to be
1
40 . From the thermal equilibrium condition, i.e., Γsph > H , we obtain the upper
bound of the temperature Tsph = 1.4×1012 [GeV]. Above the temperature, sphaleron
process is not active. At low energy, below TEW ≃ 102 [GeV], the sphaleron process
is frozen out again, then the active temperature range of sphaleron is,
TEW ≤ T ≤ Tsph. (3.22)
In the temperature range (3.22), the sphaleron equilibrium condition leads to the
chemical potential relation,
Nf∑
i=1
(µuiL + 2µdiL + µiν) = 0. (3.23)
where Nf = 3. We assume that gauge and Yukawa interactions are in equilibrium.
From charged current interaction processes, we obtain the following chemical poten-
tial relations,
µW− = µdiL − µuiL = µl−
iL
− µνiL = µφ− + µφ0 , (3.24)
where i (i = 1, 2, 3) denote indices for the generations. By taking the weak basis
that the Yukawa term for up type quarks is flavor diagonal and that for down type
quarks has flavor off-diagonal elements, we obtain the chemical potential relations
from the equilibrium condition of the Yukawa interactions,
µφ0 = µuiR − µuiL = µdiL − µdjR = µl−
iL
− µl−
iR
, (3.25)
where we note that the chemical potentials for the left-handed down quarks (diL)
and those of the right-handed down quarks (djR) satisfy the flavor mixed relations.
Therefore the chemical potentials for the right-handed down quarks and the left-
handed down quarks are flavor independent. Both of them can be written by a
single chemical potential as,
µdiR = µdR , µdiL = µdL . (3.26)
Using (3.24),(3.25) and (3.26), we can also show that the chemical potentials for up
type quarks are flavor independent,
µuiR = µuR , µuiL = µuL . (3.27)
Next, we can relate the chemical potentials of SU(2) doublets. This follows from the
chemical potential for W boson vanishes in the symmetric phase.13) From (3.24),
the up and down components of SU(2) doublets have the same chemical potential.
Note that the chemical potentials for leptons can be flavor dependent.
µl−
iL
= µνiL = µl−
iR
+ µφ0 . (3.28)
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We also take into account of the charge neutrality condition. The condition can be
written as,
Q =
T 2
3

 Nf∑
i=1
µuiL − µ− (2Nf +NH + 2)µW− + (2Nf +NH)µφ0

 = 0,
(3.29)
where µ≡∑
i
µνiL and NH is the number of Higgs doublet and is taken to be 1. With
(3.23),(3.26),(3.27), (3.29) and µW = 0, we obtain the following relations,
9µµL + µ = 0
3µµL = µ− 7µφ0 . (3.30)
Then the chemical potentials for quarks and charged leptons can be written by the
single chemical potential of µ =
∑
i
µνiL of neutrinos as follows:
µuL = µdL = −19µ, µuR = 563µ, µdR = −1963µ,
µφ0 = −µφ− = 421µ,
∑
i
µl−
iL
= µ,∑
i
µl−
iR
= 37µ.
(3.31)
We can also write the baryon number density and lepton number densities with the
chemical potentials as,
nLi =
T 2
6
(µνiL + µl−
iL
+ µl−
iR
) =
T 2
2
(
µl−
iL
− 4
63
µ
)
,
nL =
Nf∑
i=1
nLi =
T 2
2
(
µ− 4
21
µ
)
=
17
42
T 2µ, (3.32)
nB =
T 2
6
Nf∑
i=1
(µuiL + µuiR + µdiL + µdiR) = Nf
(
2
3
T 2µuL
)
= −2
9
T 2µ.
By using the equations above, we finally obtain the relations between the chem-
ical potentials for the lepton doublets (µl−
iL
) and lepton family asymmetries,
YLi =
nLi
s
=
1
2
(µl−
iL
T
)
T 3
s
− 4
51
YL,
YL =
nL
s
=
17
42
(µ
T
) T 3
s
, (3.33)
where s is entropy density given by s = 2pi
2
45 g∗
(
M1
z
)3
.What is important particularly
from the flavor-dependent point of view is that family asymmetry YLi take a different
value on the each generation. The conversion rate from lepton asymmetry to baryon
asymmetry is given by the well known formulae,13)
YB = −28
51
YL. (3.34)
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We will use the relations (3.31) and (3.33) to express all the chemical potentials in
terms of the lepton family asymmetries in the next subsection.
3.3. Boltzmann Equations
Now we can write the Boltzmann equations in a tractable form. Using the
definition in (3.33),YNk =
nk
s and Y
eq
L =
T 3
s , the Boltzmann equations (3
.1) can be
rewritten as,
dYNk
dz
= − z
sH(1)
(
YNk
Y eqNk
− 1
)∑
i
[
γkiD + γ
ki
φ,s + 2γ
ki
φ,t
]
,
dYLi
dz
= − z
sH(1)
{
−
∑
k
(
YNk
Y eqNk
− 1
)
εki γ
ki
D
+
∑
j
YLj
Y eqL
[
Aij +
∑
k
YNk
YNeq
k
Akij
]
 , (3.35)
where the time t derivative in (3.1) is replaced by derivative on z using the relation
in the radiation-dominated epoch,
t =
1
2H(1)
z2,
H(1) =
√
4pi3g∗
45
M21
mP
. (3.36)
In the source terms CD,Rli , C
D,R
nk derived in subsection 3.1, we adapt the chemical
potential relations in (3.31) and (3.33), and the approximation of sinh µXT ≃ µXT ,
cosh µXT ≃ 1. Then Aij and Akij are given as follows,
Aij = 16
3∑
j′
[(
1
8
(δij + δjj′) +
4
51
)(
γij
′
N,1 + γ
ij′
N,3
)
+
(
2
51
+
1
16
(δij + δjj′)
)
γij
′
N,2
+
(
1
8
(δij + δjj′) +
4
51
)
γij
′
N,t1 +
1
4
(δij − δjj′)
(
γij
′
N,t2 + γ
ij′
N,s
)]
+8
∑
k
[(
1
2
δij +
5
51
)
γkiφ,t +
1
17
γkiφ,s
]
, (3.37)
Akij = 2
[
4
17
γkiφ,t +
(
δij +
4
51
)
γkiφ,s
]
. (3.38)
§4. Numerical results
In this section, we present the numerical results for the lepton family number
asymmetries based on the minimal seesaw model described in Sec. 2. As we showed
in the previous section, the Yukawa coupling yν =
√
2mD
v , and the heavy Majorana
masses M1,M2 are needed for the numerical analysis of Boltzmann equation. We
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parameterizemD in the bi-unitary form, i.e.,mD = ULmVR and write the parameters
in m and VR with M1, R =
M1
M2
, x1, x2, n2 and n3.
Next we show how the angles in UL are constrained by discussing the presently
available neutrino oscillation experimental measurements. The SK Collaboration
showed that the νµ created in the atmosphere oscillates into ντ with almost max-
imal mixing,15) sin2 2θatm ∼ 1 and the neutrino mass squared difference ∆m2atm =
(2 ∼ 4) × 10−3 [eV2]. The second mass-squared difference and mixing angle are
constrained by solar neutrino experiments. The SNO collaboration reported that
the νe’s from the sun oscillate into the other active neutrinos.
16) The SK and
the SNO collaboration16) suggested that the MSW large-mixing-angle (LMA) so-
lution is the most favorable solution to the solar-neutrino deficit problem, for which
sin2 2θsol = 0.7 ∼ 0.9 and the combined analysis of the KamLAND17) and all the
solar neutrino data gives ∆m2sol = (3 ∼ 15)×10−5 [eV2]. For the third mixing angle,
only the upper bound is obtained from the reactor neutrino experiments. CHOOZ18)
found sin2 2θrea < 0.1 for ∆m
2
atm ∼ 3×10−3 [eV2]. The current neutrino experimen-
tal data indicates clearly that there is a hierarchy of neutrino mass-splitting. If the
small mixing angles θL13 and θ are taken, the light neutrinos mixing matrix UMNS
defined in (2.8), can be simplified,
UMNS ≃


cos θL12 sin θL12
sin θL13e
−iδL+
sin θL12 sin θe
−iφ′
− sin θL12 cos θL23 cos θL12 cos θL23 sin θL23
sin θL12 sin θL23 − cos θL12 sin θL23 cos θL23

P (α′),
(4.1)
where φ′ = φ + γL, α′ = α − γL/2 and P (α′) = diag.(1, eiα′ , e−iα′). A very similar
form to the low energy MNS mixing matrix is obtained. In this case, the angles
in matrix UL defined in (2.3) can be related directly to the corresponding neutrino
mixing angles and can be determined by neutrino experiments. In this work, we take
the natural hierarchical scenario and set the following neutrino masses in (2.10) for
the corresponding measured neutrino mass differences,
n2 =
√
∆m2sol = 7× 10−3 [eV], n3 =
√
∆m2atm = 5× 10−2 [eV]. (4.2)
For the angles in UL, we can take,
θL12 = θsol =
pi
6
, θL23 = θatm =
pi
4
. (4.3)
The parameters x1,2 defined in (2.6) are constrained by the conditions,
11)
|x1 − x2| ≤ n3 − n2, n3 + n2 ≤ x1 + x2. (4.4)
The primordial lepton number must be created when the sphaleron process is in
equilibrium so that the conversion from the lepton numbers to the baryon number
occurs effectively. In our numerical calculation, we fix the mass for the lightest heavy
Majorana neutrino M1 as 2× 1011 [GeV], below Tsph ≃ 1012 [GeV] and we take the
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ratio R = M1M2 to be 0.1. Finally, we consider the constraints from measurements of
the cosmological baryon to photon ratio η = nB/nγ .
1), 2) Recall that temperature be-
low TEW, sphaleron process is not active and thus, the total baryon number B is con-
served.
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Fig. 4. The evolution of the heavy Majorana
Neutrino densities.
If the universe expands adiabatically, the
total entropy S is also conserved. Then
YB is also conserved as,
YB(TEW) = YB(T0 = 3K) ≃ 1
7
η.
(4.5)
Substituting (4.5) into (3.34) and com-
bining the measurements in (1.1), we in-
fer the bounds on the primordial lepton
asymmetry YL = nL/s that we have to
generate,
YL(TEW) = − 51
196
η
= −(1.15 − 2.13) × 10−10, (4.6)
at 90% C.L.
We take the following values for the other
parameters;
sin θL13e
−iδL = 0, (x1, x2) = (0.0523, 0.0100) [eV]. (4.7)
Concerning Higgs massmH , we change it from 150(GeV) to 800(GeV) and the results
are not sensitive to the choice. So we show the figures for mH = 800 [GeV]. With
them, only the CP violating phase γL is the parameter which remains to be fixed.
To solve the Boltzmann equation, we start at T ≫ M1 (z = 10−2) with the
initial conditions,
YNk = Y
eq
Nk
, YLi = 0. (4.8)
The typical results are displayed in Fig. 4 to Fig. 8. Fig. 4 shows the dependence of
the heavy Majorana neutrino density to entropy density ratios YN on temperature.
One can see clearly that for high temperature region z ≤ 0.1, YN1 is nearly equal to
YN2 . However, as z becomes larger, the asymmetry from the heavier right-handed
neutrino decays drops quickly, thus, the lighter one gives dominate contribution.
We plot the evolution of the lepton family asymmetries in Fig. 5, Fig. 6 and
Fig. 7. By investigating the family structure of these figures, we observe the follow-
ing features.
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Fig. 5. The lepton asymmetry Y 1L (Y
2
L) from
NR1 (NR2) decay. The total lepton asym-
metry is denoted by YL. γL = 0. The
shaded part shows the bounds on YL in
(4.6) via experimental measurements1), 2)
at 90% C.L.
(1) The total lepton asymmetry
YL increases with larger z and reach
its maximum at z ∼ 0.6. The
behavior of YL in small z region
can be understood as follows. Since
Im[(y†νyν)2]12 = −Im[(y†νyν)2]21, the
term
∑
i
(
YNk
Y eq
Nk
− 1
)
εki γ
ki
D in (3
.35) is pos-
itive for k = 2 while negative for k = 1.
In addition, for R≪ 1, from Eqs. (3.13),
(3.14) and (3.7), one can obtain that the
order of
∑
i
εki γ
ki
D is the same for k = 1
and k = 2. However, around z ≃ 0.1,
the deviation from equilibrium distribu-
tion is larger for the heavier Majorana
neutrion NR2 . Thus, the magnitude of
the positive one is much larger than the
negative one. Then, YL increases in the
small z region. This feature is in contrast
to the previous work11) where only con-
tribution from the lighter right-handed
neutrino NR1 are taken into account. As
z becomes larger, the positive contribu-
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Fig. 6. The evolution of the lepton asymmetry and lepton family asymmetries with the CP violating
phase γL = 0 (left) and γL = pi (right).
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tion to YL from the heavier Majorana neutrinos decreases and the contribution from
the lightest heavy Majorana neutrinos decay becomes dominant. We can see that
the sign of YL changes at the intermediate regions (1 < z < 10). Then the lepton
asymmetry from the the heavier Majorana neutrino (NR2) is compensated by the one
from the lightest heavy Majorana neutrino (NR1). This feature can be seen clearly
by showing the contribution to lepton asymmetry from NR1 and NR2 decays sepa-
rately, as desplayed in Fig. 5. YL will further decrease and it tends to be a constant
asymptotically at low temperature. It is important to include the contributions from
both heavy Majorana neutrinos for the lepton asymmetry and its evolution.
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Fig. 7. The evolution of the lepton asymmetry and lepton family asymmetries with the CP violating
phase γL =
pi
2
.
(2) In Fig. 6, we have shown the lepton family asymmetries for the two different
choices of CP violating phase γL. The figure on the left corresponds to γL = 0
and that on the right corresponds to γL = pi. Despite of similarity in their shapes,
the dominant contribution to YL comes from Yµ for γL = 0, whereas, Yτ in case of
γL = pi. The results indicate the lepton family asymmetries YLi are sensitive to the
CP violating phase γL. To understand about the feature (2), let us focus attention
again on term εki γ
ki
D in (3
.35) which is propotental to Im[(y†νyν)12(yν)∗i1(yν)i2]. Since
the matrix y†νyν is not related to the matrix UL, and γL just appears in matrix UL
(2.3), the γL-dependent terms in ε
k
i γ
ki
D only come from the quantity (yν)
∗
i1(yν)i2 in
(3.13). Using (2.3) and (2.4), we otbain
(yν)
∗
i1(yν)i2 =
2
v2
eiγR
{
(m22 −m23) sin θR cos θR
(|(UL)i2|2 − |(UL)i3|2)
+m2m3
[
cos2 θR(UL)
∗
i2(UL)i3 − sin2 θR(UL)i2(UL)∗i3
]}
. (4.9)
Note only the second term of (4.9) is relevant to CP phase γL, and is proportional
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to (U∗L)i2(UL)i3 given by
(U∗L)12(UL)13 =
1
2
sin 2θL13 sin θL12e
i(γL−δL) ≃ 0,
(U∗L)22(UL)23 =
1
2
(
− sin 2θL13 sin θL12 sin2 θL23e−iδL
+cos θL12 cos θL13 sin 2θL23) e
iγL ≃
√
6
8
eiγL ,
(U∗L)32(UL)33 =
1
2
(
− sin 2θL13 sin θL12 cos2 θL23e−iδL
− cos θL12 cos θL13 sin 2θL23) eiγL ≃ −
√
6
8
eiγL . (4.10)
From (4.9) and (4.10) that in cases of γL = 0, pi, the γL-dependent terms of ε
k
i γ
ki
D
have opposite sign, leading to that Yµ is dominant in the total lepton asymmetry in
case of γL = 0, while Yτ is dominant in case of γL = pi. In Fig. 7, we have shown the
evolution of the lepton family asymmetries for another choice, γL =
pi
2 . In this case,
|Yµ| and |Yτ | are much larger than YL. In contrast to the total lepton asymmetry,
the lepton family asymmetry, for example, Yµ from NR2 decay is dominant and can
not be upset by the contribution from NR1 decay.
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Fig. 8. The lepton family asymmetries as a function of the CP phase γL. The data points denoted
with star are extrapolated.
The understanding is illustrated in Fig. 8. We show the lepton asymmetries at
the low energy and study the dependence of the asymptotic (z ≫ 1) values on the
CP violating phase γL. In contrast to case of Yµ and Yτ , Ye and the total lepton
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asymmetry YL is insensitive to the value of CP phase γL and is nearly constant.
In addition, we find from this figure that for the inputs we chose, the size of the
lepton family asymmetries Yµ and Yτ can be of order 10
−8 and cancel each other
mostly, leaving the total lepton asymmetry of order 10−10 which is consistent with
the experimental observations.1), 2)
§5. Conclusions
In this work we have presented a detailed calculations for primordial lepton
family asymmetries in seesaw model by taking into account the effect of chemical
potentials for all SM particles. The minimal CP violating seesaw model is used in
obtaining numerical results. The main results of our paper are as follows.
(1) Subject to constraints from neutrino oscillation experiments and observed cos-
mological baryon to photon ratio, the order of the total lepton asymmetry YL can
be different from that for each generations YLi . There exist scenarios in the minimal
seesaw model, both Yµ and Yτ are of order 10
−8, whereas YL is of order 10−10 due
to the cancellation.
(2) The lepton family asymmetries are sensitive to CP violating phase γL in the
matrix UL. In contrast to this, the dependence of the total lepton asymmetry on γL
is quite weak. Note that the total lepton asymmetry is sensitive to the CP violating
phase γR in VR
11).
(3) Both of the heavy Majorana neutrinos give important contributions to the pri-
mordial lepton family asymmetries. The heavier Majorana neutrino decay can dom-
inate in the lepton family asymmetry.
The new features we found provide useful informations and may be observable in
future cosmological experiments. As a future extension of the research, it would be
interesting to investigate the correlation between CP violation for the lepton family
asymmetries and the low energy CP violation of neutrino oscillations.19), 20), 21), 22), 23)
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Appendix A
Source terms Cli and Cnk
In this Appendix, we show the definitions of the source terms Cli and Cnk .
Writing the source term as Cli = C
D
li
+CRli , C
D
li
and CRli stand for contributions from
the decays and the inverse decays of the heavy Majorana neutrinos and two-body
scatterings, respectively. CDli is defined as,
CDli =
∫
dΠ1dΠ2dΠN (2pi)
4δ4(p1 + p2 − pN )×
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∑
k,sz
{
fN (sz)
[∣∣M(NRk(sz)→l−i φ+)∣∣2 (1 + fφ+)(1− fl−i )
+
∣∣M(NRk(sz)→νiφ0)∣∣2 (1 + fφ0)(1− fνi)
− ∣∣M(NRk(sz)→l+i φ−)∣∣2 (1 + fφ−)(1− fl+i )
−
∣∣∣M(NRk(sz)→νiφ0∗)∣∣∣2 (1 + fφ0∗)(1− fνi)
]
+ (1− fN (sz))
[
fφ−fl+i
∣∣M(l+i φ−→NRk(sz))∣∣2
+fφ0∗fνi
∣∣∣M(νiφ0∗→NRk(sz))∣∣∣2
−fφ+fl−i
∣∣M(l−i φ+→NRk(sz))∣∣2
−fνifφ0
∣∣M(νiφ0→NRk(sz))∣∣2]} , (A.1)
where dΠi =
d3pi
(2pi)32Ei
and |M(a+ b+ · · ·→i+ j + · · ·)|2 stands for the amplitude
squared for the process a+ b+ · · ·→i+ j + · · ·.
The contributions from two particles scattering processes can be divided into
four parts,
CRli = C
(1)R
li
+ C
(2)R
li
+ C
(3)R
li
+ C
(4)R
li
. (A.2)
The terms C
(χ)R
li
(χ = 1, 2, 3, 4) are defined as follows,
C
(1)R
li
=
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4(p1 + p2 − p3 − p4)×∑
k,sz,α
[
fN (sz)ft¯α
R
|M(NRk (sz)tαR→l−i b
α
L)|2(1− fl−i )(1− fb¯αL)
+fN(sz)fbα
L
|M(NRk (sz)bαL→l−i tαR)|2(1− fl−i )(1− ftαR)
−fN(sz)ftα
R
|M(NRk(sz)tαR→l+i bαL)|2(1− fl+i )(1− ftαR)
−fN(sz)fbαL |M(NRk (sz)b
α
L→l+i tαR)|2(1− fl+i )(1 − ftαR)
+fN(sz)ftαR |M(NRk(sz)t
α
R→νitαL)|2(1− fνi)(1− ftαL)
+fN(sz)ftα
L
|M(NRk(sz)tαL→νitαR)|2(1− fνi)(1− ftαR)
−fN(sz)ftα
R
|M(NRk(sz)tαR→νitαL)|2(1− fνi)(1 − ftαL)
−fN(sz)ftαL |M(NRk(sz)t
α
L→νitαR)|2(1− fνi)(1 − ftαR)
−fl−i fbαL |M(l
−
i b
α
L→NRk(sz)tαR)|2(1− fN (sz))(1 − ftαR)
−fl−i ftαR |M(l
−
i t
α
R→NRk(sz)bαL)|2(1− fN (sz))(1− fbαL)
+fl+i
fbα
L
|M(l+i bαL→NRk(sz)tαR)|2(1− fN(sz))(1 − ft¯αR)
+fl+i
ftαR |M(l
+
i t
α
R→NRk(sz)b
α
L)|2(1− fN (sz))(1 − fbαL)
−fνiftαL |M(νit
α
L→NRk(sz)tαR)|2(1− fN (sz))(1− ft¯αR)
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−fνifαt¯R |M(νitαR→NRk(sz)tαL)|2(1− fN(sz))(1 − ftαL)
+fνiftαL |M(νitαL→NRk(sz)tαR)|2(1− fN (sz))(1 − ftαR)
+fνift¯αR |M(νit
α
R→NRk(sz)tαL)|2(1− fN (sz))(1 − ftαL)
]
, (A.3)
where α is color indices of quark. C
(χ)R
li
(χ = 2, 3) are given as follows,
C
(2)R
li
=
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4(p1 + p2 − p3 − p4)×∑
k,sz,α
[
fN(sz)fl+i
|M(NRk(sz)l+i → b¯αLtαR)|2(1− ftαR)(1− fb¯αL)
+fN (sz)fν¯i |M(NRk (sz)ν¯i → t¯αLtαR)|2(1− ft¯αL)(1− ftαR)
−fN (sz)fl−i |M(NRk(sz)l
−
i → bαLt¯αR)|2(1− fbαL)(1− ft¯αR)
−fN (sz)fνi |M(NRk (sz)νi → tαLt¯αR)|2(1− ftαL)(1− ft¯αR)
−ftα
R
fb¯α
L
|M(b¯αLtαR → NRk(sz)l+i )|2(1− fN(sz))(1 − fl+i )
−ft¯α
L
ftα
R
|M(tαRt¯αL → NRk(sz)ν¯i)|2(1− fN (sz))(1 − fν¯i)
+fbα
L
ft¯α
R
|M(bαL t¯αR → NRk(sz)l−i )|2(1− fN(sz))(1 − fl−i )
+ft¯α
R
ftα
L
|M(tαLt¯αR → NRk(sz)νi)|2(1− fN (sz))(1 − fνi)
]
. (A.4)
C
(3)R
li
=
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4(p1 + p2 − p3 − p4)×

∑
j
[
fφ−fl+i
|M(l+i φ−→l−j φ+)|′
2
(1 + fφ+)(1− fl−j )
−fφ+fl−j |M(l
−
j φ
+→l+i φ−)|′
2
(1 + fφ−)(1− fl+i )
+fφ−fl+i
|M(l+i φ− → νjφ0)|′2(1 + fφ0)(1 − fνj)
−fφ0fνj |M(νjφ0 → l+i φ−)|′2(1 + fφ−)(1− fl+i )
+fφ0∗fν¯i|M(ν¯iφ0∗ → νjφ0)|′2(1 + fφ0)(1− fνj)
−fφ0fνj |M(νjφ0 → ν¯iφ0∗)|′2(1 + fφ0∗)(1− fν¯i)
+fφ0∗fν¯i|M(ν¯iφ0∗ → l−j φ+)|′2(1 + fφ+)(1 − fl−j )
−fφ+fl−
j
|M(l−j φ+ → ν¯iφ0∗)|′2(1 + fφ0∗)(1− fν¯i)
+fφ−fl+j
|M(l+j φ− → l−i φ+)|′2(1 + fφ+)(1− fl−i )
−fφ+fl−i |M(l
−
i φ
+ → l+j φ−)|′2(1 + fφ−)(1− fl+j )
+fφ−fl+j
|M(l+j φ− → νiφ0)|′2(1 + fφ0)(1− fνi)
−fφ0fνi |M(νiφ0 → l+j φ−)|′2(1 + fφ−)(1 − fl+j )
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+fφ0∗fν¯j |M(ν¯jφ0∗ → νiφ0)|′2(1 + fφ0)(1− fνi)
−fφ0fνi |M(νiφ0 → ν¯jφ0∗)|′2(1 + fφ0∗)(1− fν¯j)
+fφ0∗fν¯j |M(ν¯jφ0∗ → l−i φ+)|′2(1 + fφ+)(1− fl−i )
−fφ+fl−i |M(l
−
i φ
+ → ν¯jφ0∗)|′2(1 + fφ0∗)(1 − fν¯j)
]
+
∑
j 6=i
[
fφ−fl+i
|M(l+i φ− → l+j φ−)|′2(1 + fφ−)(1− fl+j )
−fφ−fl+j |M(l
+
j φ
− → l+i φ−)|′2(1 + fφ−)(1− fl+i )
+fφ−fl+i
|M(l+i φ− → ν¯jφ0∗)|′2(1 + fφ0∗)(1 − fν¯j)
−fφ0∗fν¯j |M(ν¯jφ0∗ → l+i φ−)|′2(1 + fφ−)(1− fl+
i
)
+fφ0∗fν¯i|M(ν¯iφ0∗ → ν¯jφ0∗)|′2](1 + fφ0∗)(1 − fν¯j)
−fφ0∗fν¯j |M(ν¯jφ0∗ → ν¯iφ0∗)|′2(1 + fφ0∗)(1 − fν¯i)
+fφ0fνj |M(νjφ0 → l−i φ+)|′2(1 + fφ+)(1− fl−i )
−fφ+fl−i |M(l
−
i φ
+ → νjφ0)|′2(1 + fφ0)(1 − fνj)
+fφ+fl−j
|M(l−j φ+ → l−i φ+)|′2(1 + fφ+)(1− fl−i )
−fφ+fl−i |M(l
−
i φ
+ → l−j φ+)|′2(1 + fφ+)(1− fl−j )
+fφ0∗fν¯i|M(ν¯iφ0∗ → l+j φ−)|′2(1 + fφ−)(1− fl+
j
)
−fφ−fl+j |M(l
+
j φ
− → ν¯iφ0∗)|′2(1 + fφ0∗)(1− fν¯i)
+fφ0fνj |M(νjφ0 → νiφ0)|′2(1 + fφ0)(1− fνi)
−fφ0fνi |M(νiφ0 → νjφ0)|′2(1 + fφ0)(1− fνj)
+fφ+fl−j
|M(l−j φ+ → νiφ0)|′2(1 + fφ0)(1− fνi)
−fφ0fνi |M(νiφ0 → l−j φ+)|′2(1 + fφ+)(1− fl−j )
]}
, (A.5)
where,
|M(a+ b→ c+ d)|′2 = |M(a+ b→ c+ d)|2 − |M(a+ b→ NRk → c+ d)|2. (A.6)
Finally, C
(4)R
li
is given as,
C
(4)R
li
=
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4(p1 + p2 − p3 − p4)×
12
∑
j
[
fφ0∗fφ0∗ |M(φ0∗φ0∗ → νiνj)|2(1− fνi)(1 − fνj)
−fνifνj |M(νiνj → φ0∗φ0∗)|2(1 + fφ0∗)(1 + fφ0∗)
+fφ−fφ− |M(φ−φ− → l−i l−j )|2(1− fl−i )(1− fl−j )
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−fl−i fl−j |M(l
−
i l
−
j → φ−φ−)|2(1 + fφ−)(1 + fφ−)
+fν¯ifν¯j |M(ν¯iν¯j → φ0φ0)|2(1 + fφ0)(1 + fφ0)
−fφ0fφ0 |M(φ0φ0 → ν¯iν¯j)|2(1− fν¯i)(1 − fν¯j)
+fl+i
fl+j
|M(l+i l+j → φ+φ+)|2(1 + fφ+)(1 + fφ+)
−fφ+fφ+|M(φ+φ+ → l+i l+j )|2(1− fl+i )(1− fl+j )
]
+
∑
j
[
fφ−fφ0∗ |M(φ−φ0∗ → l−i νj)|2(1− fl−i )(1− fνj)
−fl−i fνj |M(l
−
i νj → φ−φ0∗)|2(1 + fφ−)(1 + fφ0∗)
+fl+i
fν¯j |M(l+i ν¯j → φ+φ0)|2(1 + fφ+)(1 + fφ0)
−fφ+fφ0 |M(φ+φ0 → l+i ν¯j)|2(1− fl+i )(1 − fν¯j)
+fφ−fφ0∗ |M(φ−φ0∗ → l−j νi)|2(1− fl−j )(1− fνi)
−fl−j fνi |M(l
−
j νi → φ−φ0∗)|2(1 + fφ−)(1 + fφ0∗)
+fl+j
fν¯i |M(l+j ν¯i → φ+φ0)|2(1 + fφ+)(1 + fφ0)
−fφ+fφ0 |M(φ+φ0 → l+j ν¯i)|2(1− fl+j )(1− fν¯i)
]
+
∑
j 6=i
[
fφ+fφ− |M(φ+φ− → l−i l+j )|2(1− fl−i )(1− fl+j )
−fl−i fl+j |M(l
−
i l
+
j → φ+φ−)|2(1 + fφ+)(1 + fφ−)
+fl+i
fl−j
|M(l+i l−j → φ+φ−))|2(1 + fφ+)(1 + fφ−)
−fφ+fφ−|M(φ+φ− → l+i l−j )|2(1− fl+i )(1− fl−j )
+fφ0fφ0∗ |M(φ0φ0∗ → νiν¯j)|2(1− fνi)(1 − fν¯j)
−fν¯jfνi |M(νiν¯j → φ0φ0∗)|2(1 + fφ0)(1 + fφ0∗)
+fνjfν¯i |M(νj ν¯i → φ0φ0∗)|2(1 + fφ0)(1 + fφ0∗)
−fφ0fφ0∗ |M(φ0φ0∗ → νj ν¯i)|2(1− fν¯i)(1 − fνj)
+fφ+fφ0∗ |M(φ+φ0∗ → νil+j )|2(1− fνi)(1− fl+j )
−fνifl+j |M(νil
+
j → φ+φ0∗)|2(1 + fφ+)(1 + fφ0∗)
+fν¯ifl−j
|M(νil−j → φ−φ0)|2(1 + fφ0)(1 + fφ−)
−fφ0fφ− |M(φ0φ− → νil−j )|2(1− fν¯i)(1− fl−j )
+fφ0fφ− |M(φ0φ− → νj l−i )|2(1− fl−i )(1− fν¯j)
−fl−i fν¯j |M(νj l
−
i → φ0φ−)|2(1 + fφ−)(1 + fφ0)
+fl+i
fνj |M(νj l+i → φ0∗φ+)|2(1 + fφ+)(1 + fφ0∗)
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−fφ+fφ0∗ |M(φ+φ0∗ → νjl+i )|2(1− fνj)(1− fl+i )
]}
. (A.7)
In deriving (A.7), the statistical factors are counted as follows. For the first
eight processes with i = j, we need to multiply a factor 2 compared with those i 6= j
since i = j cases corresponds to |∆Li| = 2 processes. However, there is a symmetric
factor 14 in the case of i = j, whereas
1
2 for other cases. Therefore we have a common
statistical factor for i = j and i 6= j.
Next we calculate Cnk in (3
.1) which can also divided into decay part CDnk and
2→ 2 reaction part CRnk . Similar to the calculations of the Cli ,
CDnk =
∫
dΠ1dΠ2dΠN (2pi)
4δ4(p1 + p2 − pN )×∑
i,sz
{
(1− fN (sz))
[
|M(l+i φ− → NRk(sz))|2fφ−fl+i
+|M(ν¯iφ0∗ → NRk(sz))|2fφ0∗fν¯i + |M(l−i φ+ → NRk(sz))|2fφ+fl−i
+|M(νiφ0 → NRk(sz))|2fφ0fνi
]
−fN(sz)
[|M(NRk(sz)→ νiφ0)|2(1 + fφ0)(1 − fνi)
+|M(NRk(sz)→ l−i φ+)|2(1 + fφ+)(1− fl−i )
+|M(NRk(sz)→ l+i φ−)|2(1 + fφ−)(1 − fl+
i
)
+|M(NRk(sz)→ ν¯iφ0∗)|2(1 + fφ0∗)(1 − fν¯i)
]}
. (A.8)
Since the smallness of Yukawa couplings of lepton and light quark, only contributions
from the processes involving top (anti-top) quark to the reaction part are important,
i.e.,
CRnk = C
(1)R
nk
+ C(2)Rnk , (A
.9)
with,
C(1)Rnk =
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4(p1 + p2 − p3 − p4)×∑
i,sz,α
[
fl−i
fb¯α
L
|M(l−i b¯αL → NRk(sz)t¯αR)|2(1− fN (sz))(1 − ft¯αR)
+fl−i
ftα
R
|M(l−i tαR → NRk(sz)bαL)|2(1− fN(sz))(1 − fbαL)
+fl+i
fbα
L
|M(l+i bαL → NRk(sz)tαR)|2(1− fN (sz))(1− ftαR)
+fl+i
ft¯α
R
|M(l+i t¯αR → NRk(sz)b¯αL)|2(1− fN (sz))(1 − fb¯αL)
+fνiftαR |M(tαRνi → NRk(sz)tαL)|2(1− fN(sz))(1 − ftαL)
+fν¯ift¯αR |M(t¯
α
Rν¯i → NRk(sz)t¯αL)|2(1− fN(sz))(1 − ft¯αL)
+fνift¯αL |M(t¯
α
Lνi → NRk(sz)t¯αR)|2(1− fN (sz))(1 − ft¯αR)
+fν¯iftαL |M(tαLν¯i → NRk(sz)tαR)|2(1− fN (sz))(1 − ftαR)
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−fN(sz)ft¯α
L
|M(NRk(sz)t¯αL → l−i b¯αR)|2(1− fl−i )(1− fb¯αL)
−fN(sz)fb¯α
L
|M(NRk (sz)b¯αL → l+i t¯αR)|2(1− fl+i )(1− ft¯αR)
−fN(sz)ftαL |M(NRk(sz)tαL → tαRνi)|2(1− fνi)(1− ftαR)
−fN(sz)ft¯α
L
|M(NRk(sz)t¯αL → t¯αRν¯i)|2(1− fν¯i)(1− ft¯αR)
−fN(sz)ft¯α
R
|M(NRk(sz)t¯αR → t¯αLνi)|2(1− fνi)(1− ft¯αL)
−fN(sz)ftα
R
|M(NRk(sz)tαR → tαLν¯i)|2(1− fν¯i)(1− ftαL)
−fN(sz)fbα
L
|M(NRk (sz)bαL → l−i tαR)|2(1− fl−i )(1 − f
α
tR)
−fN(sz)ftα
R
|M(NRk(sz)tαR → l+i bαL)|2(1− fl+i )(1 − fbαL)
]
, (A.10)
and,
C(2)Rnk =
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4(p1 + p2 − p3 − p4)×∑
i,sz,α
[
fαtRfb¯αL
|M(b¯αLtαR → NRk(sz)l+i )|2(1− fN (sz))(1 − fl+i )
+fbα
L
ft¯α
R
|M(bαL t¯αR → NRk(sz)l−i )|2(1− fN (sz))(1 − fl−
i
)
+ft¯α
R
ftα
L
|M(tαL t¯αR → NRk(sz)νi)|2(1− fN (sz))(1− fνi)
+ft¯α
L
ftα
R
|M(tαRt¯αL → NRk(sz)ν¯i)|2(1− fN (sz))(1− fν¯i)
−fN (sz)fl+i |M(NRk(sz)l
+
i → b¯αLtαR)|2(1− fαtR)(1− fb¯αL)
−fN (sz)fl−i |M(NRk(sz)l
−
i → bαLt¯αR)|2(1− fbαL)(1− ft¯αR)
−fN (sz)fνi |M(NRk(sz)νi → tαLt¯αR)|2(1− ft¯αL)(1 − ftαR)
−fN (sz)fν¯i |M(NRk(sz)ν¯i → t¯αLtαR)|2(1− ft¯αR)(1 − ftαL)
]
. (A.11)
Appendix B
Reduced cross sections σˆ(sˆ)
The reduced cross sections with NRk exchange can be expressed as,
σˆijN,m =
1
2pi
[∑
k
∣∣(yν)∗ik(yν)∗jk∣∣2 fkkN (sˆ) +∑
l<k
Re
(
(yν)
∗
il(yν)
∗
jl(yν)ik(yν)jk
)
f lkN (sˆ)
]
(B.1)
where m denote the types of the contribution and take m = 1, 2, 3, s, t1, t2 respec-
tively. ij denote the types of lepton family. After straightforward calculations, we
obtain,
fkkN,1 = 1 +
1
2
sˆak
(sˆ− ak)2 + ckak
+
2ak
Dk
−ak
sˆ
(
1 + 2
sˆ+ ak
Dk
)
ln
(
1 +
sˆ
ak
)
, (B.2)
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f lkN,1 = 2
√
alak
[
sˆ
2DlDk
+
1
Dl
+
1
Dk
+
(
1 +
al
sˆ
)( 1
ak − al −
1
Dk
)
ln
(
1 +
sˆ
al
)
+
(
1 +
ak
sˆ
)( 1
al − ak
− 1
Dl
)
ln
(
1 +
sˆ
ak
)]
, (B.3)
fkkN,2 =
2sˆ
sˆ+ ak
+
4ak
sˆ+ 2ak
ln
(
1 +
sˆ
ak
)
, (B.4)
f lkN,2 =
4
√
alak
(al − ak)(sˆ + al + ak)
[
(sˆ+ 2al) ln
(
1 +
sˆ
ak
)
−(sˆ+ 2ak) ln
(
1 +
sˆ
al
)]
, (B.5)
fkkN,3 =
1
2
sˆak
(sˆ− ak)2 + ckak , (B
.6)
f lkN,3 =
√
alak
sˆ
DlDk
, (B.7)
fkkN,s =
1
2
sˆ2
(sˆ− ak)2 + ckak
, f lkN,s =
sˆ2
DlDk
, (B.8)
fkkN,t1 =
sˆ
sˆ+ ak
, f lkN,t1 = −
2
√
alak
al − ak
[
ln
(
1 +
sˆ
al
)
− ln
(
1 +
sˆ
ak
)]
, (B.9)
fkkN,t2 = −2 +
(
1 + 2
ak
sˆ
)
ln
(
1 +
sˆ
ak
)
, (B.10)
f lkN,t2 = −2 +
2
al − ak
[
al
(
1 +
al
sˆ
)
ln
(
1 +
sˆ
al
)
−ak
(
1 +
ak
sˆ
)
ln
(
1 +
sˆ
ak
)]
. (B.11)
The corresponding reduced cross sections are defined by,
σˆijN,1 ≡ 4σˆ(sˆ)(l+i φ− → l−j φ+), σˆijN,2 ≡ 4σˆ(sˆ)(l−i l−j → φ−φ−), (B.12)
σˆijN,3 ≡ 4σˆ(sˆ)(l+i φ− → νjφ0), σˆijN,s ≡ 4σˆ(sˆ)(l+i φ− → l+j φ−), (B.13)
σˆijN,t1 ≡ 4σˆ(sˆ)(l−i νj → φ−φ0∗), σˆijN,t2 ≡ 4σˆ(sˆ)(l+i l−j → φ+φ−). (B.14)
For the s channel Higgs exchange process NRk l
−
i →tαbα, the reduced cross section
reads,
σˆkiφ,s ≡ 4
∑
α
σˆ(sˆ)(NRk l
−
i → t¯αbα) =
Nc
4pi
(
y†tyt
)
|(yν)ik|2
(
1− ak
sˆ
)2
, (B.15)
where Nc is the color number of quark , yt is top quark Yukawa coupling , and for
the t channel Higgs exchange process NRk t
α→l−i b
α
,
σˆkiφ,t ≡ 4
∑
α
σˆ(sˆ)(NRk t¯
α → l−i b¯α) =
Nc
4pi
(
y†t yt
)
|(yν)ik|2
(
1− ak
sˆ
)
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×
[
sˆ− 2ak + 2aH
sˆ− ak + aH −
ak − 2aH
sˆ− ak ln
aH
sˆ− ak + aH
]
, (B.16)
where ak, sˆ are defined in (3.4) and (3.5), respectively, aH = M
2
H/M
2
1 with mH
being the Higgs mass, ck =
(
Γ kD/M1
)2
, Γ kD = 4
∑
i
Γki,
1
Dk
=
sˆ− ak
(sˆ− ak)2 + akck , (B
.17)
is the off-shell propagator of NRk .
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